We show that highly deformed modes essential for nuclear dynamics modeling can readily be included in the symplectic no-core shell model (Sp-NCSM) space. In particular, a prescription for constructing general deformed kparticle-k-hole (kp-kh) translationally invariant symplectic Sp(3, R) starting state configurations and symplectic excitations thereof in a fermion-based spherical harmonic oscillator basis is presented. This prescription is used to build the symplectic excitations over all possible 2h 2p-2h as well as the most deformed 4h 4p-4h Sp(3, R) configurations in 12 C and 16 O. The extent to which these configurations enter into low-lying states for these nuclei calculated within the framework of the no-core shell model with a realistic microscopic interaction is then determined. Typically, the addition of these 2p-2h and 4p-4h representations to the leading 0p-0h results grow the overall overlap with the no-core-shell-model eigenstates by 5-10% for a total of 85-90%. And most importantly, even with the addition of these higher-order particle-hole configurations, the dimensionality of the symplectic subspace constitutes a very small fraction of the conventional full no-core shell model space, which reaffirms the relevance of the Sp-NCSM scheme.
Introduction
With remarkable progress made in recent years in the development of realistic two-and three-nucleon interactions (e.g., [1] [2] [3] [4] ), ab initio approaches such as the no-core shell model (NCSM) [5] , Green's function Monte Carlo methods [6] and coupled cluster expansions [7] have successfully described properties of light nuclei while establishing a link between fewnucleon interactions and many-body nuclear dynamics. However, certain low-lying states, such as the first excited 0 + state in 12 C (with impact on stellar evolution and nucleosynthesis) and excited 0 + states in 16 O continue to remain a challenge for ab initio techniques [5, 7, 8] . The presence of highly deformed modes among low-lying states in these nuclei was recognized early on [9] and attributed to the existence of low-lying, strongly favored 4-particle-4-hole (4p-4h) configurations [10, 11] . These configurations have also been described in terms of an α-cluster dynamics [12] . Typically, α-cluster models do not include other important features, such as spin-orbit splitting effects, nor do they reproduce enhanced electromagnetic transition rates. However, the ability of these models to reproduce cluster-like configurations has made an examination of the microscopic underpinning of α-clustering [13] [14] [15] ) and α-cluster condensation (see, e.g., [16, 17] ) the focus of considerable attention in recent years. In particular, some recent work has advanced the α-cluster concept as a unified framework that includes a model with mixed basis of symplectic Sp(3, R) and α-cluster configurations that can achieve improved electromagnetic transition rates [18] , as well as mean-field molecular dynamics [19, 20] that introduces sub-cluster degrees of freedom. Alternatively, further progress in shell-model calculations has been achieved with model spaces reaching 4p-4h configurations [21] [22] [23] [24] .
With the goal of providing a microscopic description of phenomena ranging from singleparticle effects to clustering correlations and collective rotations, we explore the symplectic Sp(3, R) symmetry and its role toward advancing the ab initio NCSM. The NCSM has been applied to various nuclei from the deuteron through 16 O with no limitations on the nature of the realistic two-and three-nucleon interaction [5] . In addition, the Sp-NCSM symplectic extension holds promise to expand the current NCSM space limits by adding significant multiparticle-multi-hole modes of reduced dimensions for equivalent ultra-large NCSM spaces and hence to improve energy convergence. This follows from our recent finding that the physically relevant symplectic Sp(3, R) basis yields a dramatic reduction of the NCSM space [25, 26] . Specifically, we reported the preponderance of only a few 0p-0h Sp(3, R) irreducible representations (irreps) within NCSM eigenstates for low-lying states in 12 C and 16 O [26] . Note that a Nh kp-kh symplectic irrep is classified according to its Nh kp-kh starting state configuration (symplectic bandhead) and, e.g., a (0h ) 0p-0h Sp(3, R) irrep includes 0p-0h nuclear configurations of the bandhead together with single-and multi-particle excitations built upon these configurations, as described in section 2 (see figure 1 in [27] ).
In this paper we show that the symplectic model subspace of the Sp-NCSM can be expanded to include highly deformed modes of physical significance, while maintaining a computationally manageable model space. For example, such configurations include 2h 2p-2h and 4h 4p-4h Sp(3, R) starting state configurations together with their symplectic excitations (e.g. multiples of 2h 1p-1h and 2p-2h above the starting state). The construction of these configurations in a fermion-based spherical harmonic oscillator (HO) basis (m-scheme) is presented in this paper together with a useful prescription for eliminating the spurious centerof-mass motion from the symplectic bandheads, which is vital for the implementation of the translationally invariant Sp-NCSM scheme. The outcome of the present study reveals the role of the 2h 2p-2h and 4h 4p-4h symplectic irreps within the ground-state rotational band in 12 C as well as the 16 O ground 0 + state that are reasonably well converged within the framework of the NCSM with the JISP16 realistic interaction [1] . Furthermore, the NCSM eigenstates are examined, for the first time, for their collective properties. This analysis provides insight into the physics and shape deformation of the nuclear systems.
The ability of the Sp-NCSM to accommodate Nh kp-kh Sp(3, R) irreps is essential for describing states with a pronounced α-cluster structure. Indeed, comparisons of Sp(3, R) symplectic and α-cluster wavefunctions [18, 28] indicate that these states display a high degree of overlap. In particular, while this holds for 0p-0h symplectic irreps particularly for low oscillator quanta excitations and when built on a strongly deformed intrinsic bandhead, the restriction of the symplectic model subspace to dominant 0p-0h irreps is not sufficient. Recently, mean-field calculations for low-lying 0 + states in 16 O [29] confirm the significant role of symplectic irreps built over the most deformed 2h 2p-2h and 4h 4p-4h Sp(3, R) bandheads. In short, while the Sp-NCSM approach can be used to reproduce observed B(E2) values without the need for an effective charge, it can also accommodate highly deformed spatial configurations that include a realization of cluster-like structures [18, 28] . This paper is organized as follows. In section 2, we introduce a prescription for the expansion of an arbitrary translationally invariant Sp(3, R) irrep built on a Nh kp-kh starting state configuration in an A-nucleon m-scheme basis. In section 3, we examine the role of the 2h 2p-2h and 4h 4p-4h symplectic irreps for low-lying states in 12 C and 16 O as determined within the framework of the NCSM with the JISP16 realistic interaction [1] . Note that the results are based on the projection of the realistic eigenstates onto the 0p-0h, 2h 2p-2h and 4h 4p-4h Sp(3, R)-symmetric basis states and hence are influenced by the NCSM calculations within that limited model space. ) and Q αβ = s x sα x sβ with α, β = 1, 2, 3 for the three spatial directions and s = 1, . . . , A yield a realization of the symplectic sp(3, R) algebra [27, 30] . It follows from this that the elements of the sp(3, R) ⊃ su(3) ⊃ so(3) algebraic structure include important observables such as the many-particle kinetic energy s,α p 2 sα 2m, the mass quadrupole moment Q αβ and angular momentum L αβ operators, together with multi-shell vibrations and vorticity degrees of freedom for a description of rotational dynamics in a continuous range from irrotational to rigid rotor flows.
Construction of translationally invariant symplectic basis states
Alternatively, the elements of the sp(3, R) algebra can linearly be transformed and The symplectic generators as described above are not translationally invariant and hence introduce center-of-mass spuriosity in the description of a nuclear system. One way to overcome this problem is to construct the Sp(3, R) generators in terms of intrinsic coordinates, namely, x sα = x sα − X α and p sα = p sα − P α , defined with respect to the center-of-mass momentum P sα = s p sα and position X α = 1 A s x sα [31] . The translationally invariant (intrinsic) Sp(3, R) generators can then be written in a SU(3)-coupled form as
, where the sums are over all A particles of the system. Clearly, the intrinsic Sp(3, R) generators (1) can be obtained from the translationally noninvariant Sp(3, R) generators (the first term for each operator in (1)) after the subtraction of the c.m. two-body operators (last terms in (1)), A (20) 
LM and C (11) 
LM . These c.m. operators together with the c.m. excitation number operator,
are expressed by means of the c.m. harmonic oscillator ladder operators, The symplectic basis states (labeled in standard notation [27, 30] ) are constructed by acting with polynomials P in the symplectic raising operator, A (20) (1), on a set of basis states of the symplectic bandhead, |σ , which is a Sp(3, R) lowest-weight state,
where
The quantum number N ω = N σ + N n is the total number of oscillator quanta related to the eigenvalue, N ωh , of a HO Hamiltonian that is free of spurious modes. The (λ n µ n ) set gives the overall SU(3) symmetry of
coupled raising operators in P and (λ ω µ ω ) specifies the SU(3) symmetry of the symplectic state. In accordance with the mapping [32] between the shell-model (λµ)SU(3) labels and the shape variables of the Bohr-Mottelson collective model [33] , namely, the prolate elongation β > 0 and the 0 γ π/2 asymmetry parameter, the symplectic basis states bring forward important information about the nuclear shapes and deformation in terms of their (λ ω µ ω )SU(3) symmetry (4). For example, (λ ω 0) and (0µ ω ) describe prolate (γ ∼ 0
• ) and oblate (γ ∼ 60 • ) shapes, respectively, with increasing λ ω (µ ω ) toward larger deformations, β.
The symplectic basis states, which are generated by the translationally invariant form of the A (20) symplectic raising operators (1), are free of c.m. spurious excitations provided that the |σ symplectic bandhead is also non-spurious. The basis states, |σ κ 0 (L 0 S 0 )J 0 M 0 , of the symplectic bandhead are the starting state configurations upon which a Sp(3, R) irrep is built according to (4) . Consequently, these states are annihilated upon the action of the B (02) LM symplectic lowering operators,
By construction, the symplectic bandhead, and hence the basis states of the corresponding Sp(3, R) irrep (4), can be expanded in a m-scheme basis. This is the same basis used in the NCSM, and thus it facilitates calculations and symmetry identification. In our study, the symplectic bandheads are constructed in a proton-neutron formalism as SU(3) (λ σ µ σ ) ×SU(2) S 0 -symmetric linear combinations of m-scheme configurations of a given N σ . In the case of 0p-0h symplectic bandheads, the value of N σ corresponds to the lowest HO energy of a system of A nucleons. The construction formula is given as
where 
The construction of the SU(3) × SU(2) symmetry-adapted many-fermion states (6) is based on the fact that the fermion creation operators are irreducible SU(3) × SU(2) tensors,
, with a SU(3) character of (η0) and spin 1 2 [34]. Here, the principal quantum number η = 0, 1, 2, . . . labels a HO shell and the orbital momentum l = η, η − 2, . . . , 0(1). The nucleon distribution over HO shells is given by the principal quantum numbers f π = {η 1 , . . . , η Z } for Z protons and f ν = {η 1 , . . . , η N } for N neutrons, and uniquely determines the SU(3) quantum numbers, (λ π µ π ) and (λ ν µ ν ), respectively.
The symplectic bandheads generated by the procedure described above (6) are not translationally invariant with the exception of those constructed within the 0h model space [35] . Techniques, based on diagonalization of the c.m. harmonic oscillator Hamiltonian or use of c.m. creation operators (3) to identify and eliminate spurious c.m. excitations in the SU(3) symmetry-adapted basis, were initially proposed by Verhaar [36] and Hecht [37] , respectively. Here we use an alternative and simpler approach based on U(3) symmetry-preserving c.m. projecting operators. The method was briefly outlined by Hecht [37] but never utilized for eliminating the c.m. spuriosity from the symplectic basis states.
The projection technique is based on the fact that a general SU(3) symmetry-adapted A-particle state of n maxh excitations above the lowest energy configuration can be written in a SU(3)-coupled form as
where α = {κLM} and c (λµ) intr n denote the coefficients. The SU(3) quantum numbers, (λµ) intr , label the intrinsic wavefunctions of (n max − n)h excitations that are coupled with the c.m. SU(3) irreps (n0) of nh excitations into the final SU(3) symmetry (λµ). Note that for the non-spurious part of the state, n = 0, the quantum numbers (λµ) intr coincide with (λµ).
In order to eliminate the c.m. spuriosity from A-particle SU(3)-symmetric states, such as the symplectic bandheads, one needs to project out all the n 1 terms on the right-hand side of the expansion (8) as they describe excited (spurious) c.m. motion. This is done by employing the simplest U(3) Casimir invariant, namely, the c.m. number operatorN cm (2) , in a U(3) symmetry-preserving projecting operator,
The |(n0) ⊗ (λµ) intr ; (λµ)α states (8) are eigenstates ofN cm with eigenvalues n. Therefore, they are also eigenstates of theP (n max ) operator with eigenvalues equal to 0 for excitations n = 1, . . . , n max and 1 when n = 0, which corresponds to a non-spurious state. Therefore, the c.m. spurious excitations vanish under the action ofP (n max ), while a non-spurious state (or the spurious-free part of a state) remains unaltered. The non-spurious states, which are obtained after the projection, are properly orthonormalized and then utilized in the calculations.
Results and discussions
The lowest-lying eigenstates of the deformed 12 C nucleus and the 'closed-shell' 16 O nucleus were calculated using the NCSM as implemented through the many fermion dynamics (MFD) code [38] with an effective interaction derived from the realistic JISP16 NN potential [1] for differenth oscillator strengths and with the bare interaction. We present results for the J = 0 16 O, which appear to be reasonably well converged in the N max = 6 NCSM basis space. These states were analyzed for their symplectic symmetry structure by projecting the NCSM wavefunctions onto a symplectic model subspace, which in addition to the 0p-0h Sp(3, R) irreps considered previously [26] now took into account complementary kh kp-kh symplectic irreps, k = 2, 4. This analysis provides further insight into the physics and geometry of a nuclear system since nuclear collective states with well-developed quadrupole and monopole vibrations as well as collective rotations are described naturally in terms of Sp(3, R) irreps. Indeed, group-theoretical approaches, which exploit the symplectic symmetry, typically achieve quite reasonable microscopic descriptions of the low-lying energy spectrum and B(E2) values in light nuclei (see, e.g., [29, [39] [40] [41] [42] ).
The prescription described in section 2 was used to construct all translationally invariant 2h 2p-2h Sp(3, R) bandheads and the most deformed 4h 4p-4h symplectic bandheads in 12 C and 16 O. The total number of the 2h 2p-2h symplectic bandheads is around 10 3 in the case of 12 C, and approximately half of this amount for 16 O. However, similarly to the case of 0p-0h symplectic bandheads [26] , only a relatively small fraction of the 2h 2p-2h symplectic bandheads project at the nonnegligible level onto the low-lying NCSM wavefunctions.
The projection of the NCSM eigenstates under consideration onto symplectic states shows that for 12 C there are 20 important 2h 2p-2h symplectic bandheads in the N max = 6 (6h model space). The typical dimension of a symplectic irrep in the N max = 6 space is on the order of 10 2 as compared to 10 7 for the full NCSM m-scheme basis space. In addition, the J angular momentum is a good quantum number for the symplectic basis (4) (but not for the m-scheme basis), and hence the symplectic space can be further reduced to only the subspaces specified by the J values under consideration. In the present study, these are J = 0, 2 and 4 for 12 C and J = 0 for 16 O. As N max is increased the dimension of the J = 0, 2 and 4 symplectic space built on the 0p-0h Sp(3, R) irreps grows very slowly compared to the NCSM space dimension [25] . The net result is that as N max increases the symplectic model subspace is an ever smaller fraction of the NCSM basis space, even when the most dominant 2h 2p-2h Sp(3, R) irreps are included (table 1). The reduction is even more dramatic in the case of 16 O, where only the J = 0 subspace is taken into account for the 0 + states (table 1) . This means that the space spanned by the set of relevant symplectic basis states is computationally manageable even when high-h configurations are included. Of course, if one were to include all possible Nh kp-kh starting state configurations in the (N N max ) space, and allowed multiples thereof, one would span the full NCSM model space.
Ground-state rotational band in
12 C
In the case of 12 C, the symplectic model space is expanded beyond the 0p-0h subspace to include the most important 2h 2p-2h Sp(3, R) irreps, those with a nonnegligible overlap to the NCSM eigenstates for the J = 0, 2 and 4 states in the ground-state rotational band. The symplectic space expansion improves the overlaps between these NCSM eigenstates and the Sp(3, R)-symmetric basis by about 5% (figure 1). (Note that for these states 4h 4p-4h symplectic irreps are found to be negligible.) Overall, approximately 85% of the NCSM eigenstates fall within a subspace spanned by the most significant 3 0p-0h and 20 2h 2p-2h Sp(3, R) irreps. As one varies theh oscillator strength, the projection changes slightly reaching close to 90% forh = 11 MeV. As expected for the 12 C ground-state rotational band, oblate shapes dominate, especially among the 0h components ( figure 2(a) ). The significance of the most important (λ σ µ σ ) = (24) and (13)2h 2p-2h symplectic irreps, in addition to the 0p-0h Sp(3, R) irrep contribution, clearly indicates a propensity of the 2h components in the NCSM ground-state band toward oblate deformed shapes. However, it is interesting to note that the most prolate deformed configuration is also present as indicated by a non-zero projection onto the (62) symplectic bandhead. The symplectic excitations above the relevant Sp(3, R) bandheads point to the development of a more complex shape structure as seen, for example, in figure 2 for the 12 C ground state. Among these, the stretched symplectic states appear to be of a special interest as they usually possess larger overlaps with the realistic states under consideration as compared to the other symplectic excitations. The stretched states are those with µ ω = µ σ and maximum value of λ ω , namely λ σ + N n for N nh excitations above the (λ σ µ σ ) symplectic bandhead. These correspond to horizontal (same µ ω ) increments of two λ ω units in the plane of figure 2 starting from the bandhead configuration. Note that, as shown in [25] , the symplectic structure (dominant Sp(3, R) irreps) and hence the geometry of converged NCSM eigenstates is almost independent of whether the bare or renormalized interaction is used. While very small contributions of additional Nh kp-kh Sp(3, R) irreps may be observed with increasing model space size, the results presented in figure 2 are expected to remain almost the same reflecting the true collective nature of the states under consideration.
The dominance of the highly deformed symplectic states within the most important 2h 2p-2h Sp(3, R) irreps also enhances the corresponding B E2 : 2 
Ground state in 16 O
A much more interesting scenario is observed for the low-lying 0 + states in 16 O. Here, the projection of the NCSM eigenstates onto the symplectic subspace can also be compared to results obtained in the framework of the simple α+ 12 C cluster model [18, 28] . The latter describes 16 O as being made up of α and 12 C fragments frozen to the lowest shell-model states with their relative motion carrying arbitrary excitations. The overlaps between the symplectic states and the α+ 12 C cluster model wavefunctions have been evaluated analytically [18, 28] and it was found that particular symplectic states overlap at a significant level with the corresponding cluster model wavefunctions. This can yield insight into the α-cluster structure of the low-lying 0 + NCSM eigenstates in 16 O. The 0p-0h symplectic model subspace analysis for the 16 O ground state [26] reveals the dominance of the (00)S = 0 symplectic irrep, which is 80 − 75% of the NCSM realistic wavefunction for values of the oscillator strengthh = 12 MeV to 16 MeV [26] . The 0h projection of the (00)S = 0Sp(3, R) irrep, around 40 − 55% for the sameh range, reflects the spherical shape preponderance in the ground state of 16 O ( figure 2(b) ). In addition, a relatively significant mixture of slightly prolate deformed shapes is observed and they are predominantly associated with stretched symplectic excitation states (along the horizontal λ ω axis in figure 2(b) ). Among them, the most significant mode with a projection onto the NCSM state of ∼13% (forh = 16 MeV) up to ∼25% (forh = 12 MeV) is described by the 2h (20) 1p-1h and weaker 2p-2h Sp(3, R)-symmetric excitations built over the (00)S = 0 0p-0h symplectic bandhead. This 2h (20) symplectic configuration projects at the 65% level [28] on the corresponding α+ 12 C cluster model wavefunction. Orthogonal to these excitations, the (20)S = 0 2p-2h symplectic bandhead constructed at the 2h level is found to be the most dominant among the 2h 2p-2h Sp(3, R) bandheads when compared to the NCSM eigenstates (table 2, figure 2(b) ). This means that the appearance of the 2h 2p-2h Sp(3, R) bandheads in the ground state of 16 O is governed in such a way to preserve the shape coherence of all the significant 2h configurations. In addition, the contribution of the most deformed 4h 4p-4h Sp(3, R) irrep to the 16 O ground state is found to be very small, ∼10 −4 %. As compared to the outcome of the 0p-0h analysis, the inclusion of the 2h 2p-2h Sp(3, R) irreps constructed over the most significant symplectic bandheads improves the overlaps of the selected symplectic basis with the NCSM eigenstate for the 16 O ground state by about 10%. As a result, the ground state in 16 O as calculated by NCSM projects at the 85-90% level onto the J = 0 symplectic symmetry-adapted basis ( figure 3(a) ) with a total dimensionality of only ≈0.001% of the NCSM space.
Illustrative examples, where the inclusion of highly deformed modes is essential for ab initio shell model calculations, are the second 0 to note that the corresponding NCSM states are not fully converged and the 6h model space is quite restrictive for the development of strong 4p-4h correlations. However, the importance of the 2h 2p-2h Sp(3, R) irreps (e.g., see (figure 3(b))) and the cluster structure within the second-lying 0 + NCSM eigenstate has already started to emerge in the 6h model space. Namely, the most deformed 2h 2p-2h Sp(3, R) irrep (42) , which dominates the NCSM 0 + 2 state at the current level of convergence (table 2), projects at the 100% level onto the corresponding (42)α+ 12 C cluster model wavefunction [28] . This is in addition to the significant overlap between the cluster states [28] and the 2h (20) configurations, which dominate the 0p-0h Sp(3, R) contribution to the 0 + 2 NCSM state (figure 3(b) (orange, lower bars)). The results suggest the need for exploring the Sp-NCSM scheme with model spaces beyond N max = 6 to achieve convergence of such highly deformed collective modes.
Conclusion
This study presents a prescription to include important, highly deformed multi-particle-multihole configurations in the Sp-NCSM basis space for ab initio descriptions of low-lying states in light atomic nuclei. We focus on the lowest 0 + gs , 2 + 1 and 4 + 1 states in 12 C and the 16 O ground state that are reasonably well converged in the 6h -NCSM with the JISP16 realistic interaction. These states are found to project at the 85-90% level onto a very few 0p-0h and 2h 2p-2h spurious center-of-mass free symplectic irreps. The addition of these 2h 2p-2h symplectic irreps (associated with 2h 2p-2h configurations and symplectic particle-hole excitations thereof up through the 6h model space) to the 0p-0h Sp(3, R) irrep space improves the overlaps by about 5% (for 12 C) and 10% (for 16 O), while the total dimensionality of the symplectic basis remains only a fraction (≈10 −3 %) that of the NCSM space. The analysis of the results shows that the converged NCSM low-lying states can be described with only a few 0p-0h and 2h 2p-2h Sp(3, R) irreps and typically the corresponding symplectic bandheads are the most deformed ones. In addition, we found that the most significant symplectic states built over these Sp(3, R) bandheads tend to be the most deformed (stretched SU(3) coupling) configurations.
While the most deformed 4h 4p-4h symplectic irreps do not play a significant role in the converged NCSM eigenstates under consideration, they are vital toward microscopic description of low-lying highly deformed modes, which imply the necessity of employing model spaces beyond what can be achieved under the NCSM current computational limits. As we show that these modes can be accommodated within the general framework of the Sp(3, R) model with 0p-0h, 2h 2p-2h, 4h 4p-4h, and maybe higher Nh kp-kh starting state configurations, the Sp-NCSM scheme is expected to model cluster-like phenomena and to reproduce observed B(E2) values by extending the NCSM model space only along the relevant symplectic states of a comparatively small dimensionality up through highh configurations (high N max ).
